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On Bézier and Subdivision Curves 
 

Len Bos [*] 
 
1. Bézier Curves 
 

There is a book, written by a certain Robert Fulghum, with 
the rather fanciful title “All I Really Need to Know I Learned in 
Kindergarten”. It is of course an exaggeration, but it does con-
tain a grain of truth, even for Mathematics! This article is 
about such an example. My first experience with drawing, and 
perhaps yours as well, was with so-called connect-the-dots 
pictures, in which you just connect a sequence of numbered 
dots to create a figure. Perhaps surprisingly, this is the basis 
of most of computer graphics. Let's begin with the simplest 
possible case where we want to connect the two points	  A, B ∈ 
R2	  by the line	  AB.	  Of course this is easy to do by hand, but for 
a computer we would need to have an explicit way of describ-
ing all the points X	  on the line. This is easily done. Indeed, 
think of X	  as being a certain percentage	  t	  of the way from A	  to 
B	   (with	   t = 0	   corresponding to X = A	  and t = 1	   to X = B). A 
formula for	  t	  is given by 
	  

t = dist(A, X)
dist(A, B)

=
X !A
B !A

. 	  

	  

Here |X	  –	  A|	  is the euclidean distance between	  X and A, i.e., if	  
X = (x1; x2)	  and A = (a1; a2)	  then	  

X !A = x1 ! a1( )2 + x2 ! a2( )2 .	  
This t acts as a	  coordinate of	  X	  in that, given the value of	  t; we 
can go directly to X. In fact, one can easily check (can you 
provide the details?) that 

( )AttBXt −+= 1 .            (1) 
Moreover, if we let t range from 0	  to 1 then the formula for Xt	  
(1) will sweep out the line	  AB.	  
It's a good thing that we now know how to draw a line seg-
ment. But another basic principle (possibly also learned in 
Kindergarten) is that good things should be repeated! We do 
this in the following way. Suppose now that 
	  

	  
	  

Figure 1: A Bézier Curve with Three Control Points 
 

we have three points in the plane	  A,	  B and	  C. These give us 
two line segments (see Figure 1) and given a value of t ∈[0, 1]	  

we can compute the	   t-‐points	  Xt	   for AB and	  Yt	   (let's say) for 
BC. These two new points Xt	  and Yt	  define in turn a third line 
segment XtYt,	  and then we can compute the	   t-‐point for it,	  Zt. 
As t	   varies from	   0	   to 1,	   Zt	   sweeps out a curve. But which 
curve? We need to compute some formulas. First of all 

( ) ( )BCYABX ttandtt tt −+=−+= 11  
so that 

( ) ( ) ( ) ,1211 22 CBAXYZ tttttt ttt +−+−=−+=     (2) 
after a little algebra. It's important to remember that since A, 
B, C ∈R2, Zt is also a point in the plane, i.e., Zt = (x(t), y(t)) for 
a certain x-coordinate x(t) and a y-coordinate y(t). In general, 
(x(t), y(t)), t ∈ [0, 1], is the image of a mapping from the inter-
val into the plane, i.e., is a curve. More precisely it is called a 
parametric	  curve. In our case, as is clear from the formula for 
Zt, each coordinate is a quadratic polynomial, and we are 
dealing with a parametric	   quadratic	   polynomial	   curve. Each 
such curve is actually a (piece of a) parabola or, in the so-call-
ed degenerate case, a line (can you prove this?). Having a 
formula for Zt allows us to calculate some specific details. 
First of all, for t = 0, Zt = (1– 0)2A + 0B + 0C = A and for t = 1, Zt 
= 0A + 0B + C = C, i.e., the curve begins at A and ends at B. 
We can also calculate the derivative, 
d
dt
Zt = 2 1! t( ) B !A( )+ t C !B( ){ }  

so that at	  t = 0 the tangent vector is 
d
dt
Zt = 2 B !A( ) ,	  

i.e., the line segment AB is tangent to the curve at t = 0. 
Similarly, at t = 1, 
d
dt
Zt = 2 C !B( ) , 

and we see that the line segment BC is tangent to the curve 
at t = 1. (In particular the middle point B is the intersection of 
the lines tangent to the parabola at A and B.) Another ob-
servation is that the coefficient polynomials in the formula for 
Zt have the properties that they are obviously positive for t ∈ 
[0, 1] and that their sum 
 

( ) ( ) ( )( ) 11121 222 =+−=+−+− tttttt . 
 

This means that Zt is a so-called convex combination of A, B, 
C and consequently the curve, for 0 ≤ t ≤ 1, always lies inside 
the triangle with vertices A, B and C. This bit of geometry is 
summarized in Figure 1. By the way, since the shape of the 
curve is determined by the points A, B and C; these three 
points are called the Bézier	  control	  points of the curve. 

We can repeat this process with more control points to get 
parametric curves of higher degrees, but we will need to intro-
duce a better notation for the control points. Here is what 
happens. Let 
 

200
1

0
0 ,...,, Rbbb ∈n  

 

be n +1 control points (the lower index is a counter, and the 
upper index 0 indicates that these are the starting points, i.e., 
of level 0; and b stands for Bézier). For t ∈ [0, 1] we compute 
the t-points for each of the line segments 
 

bi
0bi+1
0 , i = 0, 1,!, n !1( ) . 

 

We call these bi
1 t( ) and have the formulas 



bi
1 t( ) = t bi+10 + 1! t( )bi0 , i = 0, 1,!, n !1( ) . 

Notice that we have one fewer point at level 1 than we had at 
level 0. We then compute the t-points for the new segments 
bi
1bi+1
1 , i = 0, 1,!, n ! 2( )  

given by the formulas 
bi
2 t( ) = t bi+11 + 1! t( ) bi1 , i = 0, 1,!, n ! 2( ) . 

Again, we have one fewer point than the previous level. In 
general, this recursion becomes 
bi
r t( ) = t bi+1r!1 + 1! t( ) bir!1 , i = 0, 1,!, n ! r( ) . 

At level n we have only one point, ( )tn0b  
and this is the point on the curve. Just like in the special case 
of n = 2 for the formula for Zt (2) we can write the curve as a 
linear combination of polynomial coefficients times the original 
control points 

b 0
n t( ) = Bj

n t( )b j0
j=0

n

!            (3) 

where 

( ) ( ) jnjn
j tt

j
n

tB −−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
= 1  

are the so-called Bernstein polynomials. With these formulas 
it is possible to establish many of the properties of Bézier 
curves. If you're interested in the details you might look at the 
book [1]. Figure 2 shows just an example curve. 
 

 
 

Figure 2: A Bézier Curve with Eight Control Points 
 
2 Piecewise Curves 
 

Although, in theory, you could use a Bézier polynomial 
with a large number of control points to design almost any 
curve, in practice, high-degree polynomials tend to be numer-
ically unstable and hence people tend to avoid using them. An 
alternative is to use piecewise curves composed of low de-
gree curves attached one to the other, head to tail. Here we'll 
just discuss the case of piecewise linear and quadratic 
curves. 
 
2.1 Piecewise Linear Curves 
 

These are exactly what you get by connecting the dots! 
Indeed, suppose that we have “dots" d0, d1, ···, dn ∈ R2. We 
connect them in sequence d0 to d1; then d1 to d2 etc. to get our 
curve. But what about formulas? We know how to get each of 
the line segments di di+1 using a formula like (1). But how to 
get a single formula for the whole curve? Actually this is not 
so hard. If for t ∈ [i , i+1] we set ti := t – i then we can define a 
piecewise parametric curve s : [0, n] → R2 by 
 

( ) ( ) [ ]1,,11 +∈−+= + iitttt iiii dds , 
 

for 0 ≤ i ≤ (n – 1): But notice that we may write 
 

( )
⎭
⎬
⎫

⎩
⎨
⎧

≤≤−

+≤≤−
=

−=
∑ itit

itit
t

i

i
n

i
i 1

11

10

ds , 

i.e., we may write s(t) as a linear combination of the basis	  func-‐
tions 
 

( )
⎪
⎭

⎪
⎬

⎫

⎪
⎩

⎪
⎨

⎧

≤≤−

+≤≤−

−

otherwise
itit

itit
tH i
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i
,0

1,
1,1

1  

 

with coefficients precisely the control points (dots) di: It is easy 
to see that Hi(t) = H0(t – i) so that we have 
 

( ) ( )∑
=

≤≤−=
n

i
i ntitHt

0
0 0,ds . 

 

The graph of the function H0(t) is given below. 
 

 
Figure 3. The Hat Function H0(t) 

 
For obvious reasons it is called the hat function (it is also a 
degree 1 so-called B-spline!) and it has an interesting proper-
ty (see if you can prove it!): 
 

( ) ( ) ( ) ( )12
2
1212

2
1

0000 +++−= tHtHtHtH . 
 

This is called a 2-scale relation, or else, a refinement equa-
tion. A bit of explanation is in order. First observe, that	  H0(t)	  is 
piecewise linear with (possible) “breaks” at the integers while 
H0(2t)	   is just	  H0	  with a rescaling of the x-variable – it is piece-
wise linear with breaks at the half-integers. Obviously a func-
tion that is piecewise linear with possible breaks at the inte-
gers is also piecewise linear with possible breaks at the half-
integers – it's just that the half-integers aren't real breaks. The 
2-scale relation says this in a precise form, giving	  H0(t) as a 
linear combination of piecewise linear functions with breaks at 
the half-integers! One use of this is calculating values of the 
function H0(t). Specifically, suppose we know ahead of time 
the value of H0(t) precisely at the integers, i.e., that H0(0) = 1 
and H0(i) = 0, i ≠ 0. Using the 2-scale relation we can calculate 
its values at the half-integers. For example, 
 

H0(1/2) = (1/2)H0(1 – 1)+H0(1) + (1/2)H0(1 + 1) = ½ 
 

and 
 

H0(–1/2) = (1/2)H0(–1 – 1) + H0(–1) + (1/2)H0(–1 + 1) = 1/2 etc.. 
 

Once we have all the values at the half-integers we can use 
the 2-scale relation to find all its values at the quarter-inte-
gers, and then the eighth-integers and so on. Plotting all these 
values gives a discrete model of H0 that is virtually indistin-
guishable from itself! Of course, H0 is such a simple function 
that none of this is necessary, but we will see in a bit how this 
idea can be used to model more complicated curves and 
functions. 
[to be continued in number 172] 
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